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Abstract 

We propose a resolution to black hole information paradox by analyzing scat- 
tering amplitudes of a complex scalar field around a Schwarzschild black hole. 
The scattering cross section reveals much information on the incoming state but 
exhibits flux loss at the same time. The flux loss should be temporary, and in- 
dicate mass growth of the black hole. The black hole should Hawking-radiate 
subsequently, thereby, compensating for the flux loss. 



1 Introduction 



Ever since the discovery of Hawking radiation [1], Black Hole (BH) Information paradox 
[2] has remained a puzzle. (See, e.g., [3-11] for reviews on BH physics.) There have been 
various approaches to a resolution of the paradox [12-15,17-26]. A new proposal [27] 1 
appeared recently and a number of works [29-41] have followed. 

As wellknown, the vacuum for an infalling observer - known as the Kruskal vacuum - 
appears as a thermal state to a stationary observer. By the same token, one can study 
the way in which the scattering of one-particle states built on the Kruskal vacuum will 
appear to a stationary observer. Motivated in part by simplicity, we employ a free 
complex scalar in two dimensions to focus on the essential aspects of the analysis. 

The theory is considered in the "two-dimensional Schwarzschild black hole" back- 
ground. We study several scattering amplitudes, and interpret the results in light of 
black hole information paradox. As we will show in this work, the amplitudes exhibit 
flux loss. 2 The resolution of the information paradox that we propose is such that 
there should be "radiation" that is emitted before the black hole becomes completely 
thermalized, and this part of the radiation should be non-thermal, i.e., information- 
containing. The flux loss should imply BH's gain of mass from the incoming wave. 
After the black hole is thermalized, it will Hawking-radiate thermally. This implies, in 
particular, that the information loss should only be an apparent phenomenon due to 
different timing of two different "radiations" , thermal and non-thermal. 

There exists a subtle tension between the quantum mechanical description and the 
quantum field theoretical description of the physics at hand. On one hand, one must 
deal with scattering by the potential produced by a black hole, and the quantum me- 
chanical description seems adequate to that end. On the other hand, the finite temper- 
ature inducing effect of a BH was established in the quantum field theory framework. 
We note below that the essential part of the quantum mechanical analysis can be inte- 
grated into the quantum field theory setup. The connection is made by the role that 
the currents play in the quantum mechanics and quantum field theory. 

We point out that the cross section in a curved spacetime should be viewed as a 

1 See [28] for an earlier related discussion. 

2 Flux loss was discussed in [23] in the string theory vertex operator formulation. 
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position-dependent quantity in general. The reason is that each point in the space 
has its own phase space that may be different from that of the others. The notion of 
position-dependent cross section might not be useful in a spacetime of generic geometry; 
however, the Schwarzschild geometry has a sufficient amount of symmetry for the notion 
to be well-defined and useful. 

The organization of the remainder is as follows: In section 2, we first review the 
relationship between flux and differential cross section in the flat space non-relativistic 
quantum mechanics (QM) setup. The differential cross section is related to the current 
in the standard manner. Then we review the quantum field theory (QFT) discussion 
that led to Hawking radiation. This provides a useful guide in section 3 in which we 
employ a QFT setup to tackle scattering of one-particle states around a Schwarzschild 
black hole. Although the discussion in section 3 concerns two-dimensional spacetime, 
the essential results can be extended to 4D as we will discuss after the 2D case. The 
approach that we take describes events that take place outside the BH, and cannot 
adequately handle what happens to the BH itself. In the full quantum theory of a 
BH, the flux loss would cause the BH to make a transition into an excited state with 
a higher energy. We speculate on how information could escape by taking an example 
of a chair thrown into a BH. We conclude with a summary and future directions. 

2 Review of QM- and QFT- setups 

The conventional approach of BH study has been a "local" view, with the focus on the 
particle/antiparticle creation near the event horizon. In a "global" view, we propose 
treating the presence of a black hole as a target of scattering particles. We start 
with a review of quantum mechanics (QM) analysis of scattering around a target 
with spherical symmetry in the next subsection. This will help us get oriented in 
the following sections in which the quantum field theory (QFT) analysis of scattering 
around a BH is carried out. 
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2.1 Scattering in non-relativist ic QM 

One way to introduce a differential cross section in QM is to start with ffux. We 
review this procedure by closely following [44]. Let us consider a quantum mechanical 
system of a particle of mass m with spherical symmetry. The asymptotic form of the 
wave-function can be written as 

V>(r) ~ e ik - r + /(#)^ (1) 



The flux is defined by 



2im 

Substituting (1) into (2), one finds 
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where i r denotes a unit vector along r, we have used k ■ r = kr cos 6 in the exponents, 
and omitted -4 terms. Let us label the terms in the first line as 



ji = - , j 2 = -l|/W| 2 4 (4) 
m m 



The differential cross section da is defined by 

da = -rr-r • i r dA (5) 
|ji| 

where dA is the surface element that is perpendicular to the radial direction. Only the j 2 
term genuinely contributes to the asymptotic cross section. The ji term is disregarded 
by not counting the forward scattering. Since the area element in 3D space is dA ~ r 2 , 
the flux is conserved and the cross section has a non-vanishing value. We will see in 
the next section that this is not the case for scattering around a Schwarzschild BH. 



2.2 Review of black hole thermal radiation 

To set the stage for QFT amplitude computations in section 3, let us review basics of 
a free scalar field theory in a 2D "BH" background. Consider a complex scalar action 

S = - J d 2 x^ d^d^ (6) 

The case of a real scalar field was discussed, e.g., [4,8] whose conventions we follow 
with minor changes. (See, e.g., [45] for a treatment with mathematical rigor.) We 
obtain complex versions of the corresponding equations in [4] in this subsection. 

There are three main sets of coordinates that we use: 

(u, v) : Kruskal-Szekeres coordinates (or Kruskal coordinates for short) 

(u, v) : tortoise-null coordinates (in some places tortoise coordinates (t, r) are used) 

(t, r) : Schwarzschild coordinates (7) 

The relations between tortoise-null coordinates (u, v) and Kruskal coordinates are 

_ it 

u = — 4Me 4M 

v = AMe^i (8) 



where 



T 

u = t — f, v = t + f, f = r + 2Mln| 1| (9) 



2M 



The metric for the 2D Schwarzschild BH is given by 



, 2 2M ,_ ,_ 

as = e 2M dudv (10) 

r 

in the Kruskal coordinates, by 

ds = e 2M g am dudv (11) 

r 

in the tortoise-null coordinates (u,v). The mode expansion of 4> in the tortoise-null 
coordinates is given by 

oo 

4>= E [bUkH + b L .(kyu L k * + b^k)uf + b^kyuf*] (12) 

fc=— oo 



The functions u% ,R are defined as 
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The reason for introducing two sets of u k s is that the positive frequency functions - 
with which the annihilation operator is associated - take different forms in the regions 
L and R. The mode expansion of <p in the Kruskal coordinates can be written as 



[c L + {k)v L k + c L _(ky v ^ + + cWtf 



where v£, vj} are related to u%, u? by: 



,R 
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The b- and c- oscillators are related by a similarity transformation [46,47]: 



where 



b L + (k) = e lHl c L + {k)e- lB \ b«(k) = e l ^c%(k)e~ lB ' 

k 

B 2 = J^^Mi-k^b*^ -b L (-k)b*(k) 
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The b- , c_ oscillators satisfy similar relations. These relations imply 

1 
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(15) 
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Inverting (20), one finds 
c L + (k) 



e™ ,2a b L + (k) - e~™ /2a b*(-k) ] 
- e~™l 2a b L + {-ky + e™ /2a b R (k) 



(21) 
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a/2 sinh(7ra;/a) 

The Kruskal vacuum \0,K > and the tortoise-null vacuum 10,5* > are connected by 
the following equation that follows from (17), 

\0,K>= e- iB2 e- iBl \0,S > 



(22) 



The |0, K > vacuum can be expressed as 3 
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where 



K 



M 



(26) 



It is somewhat puzzling that the state \0,K > has particles and antiparticles popu- 
lated in the same manner. If we were using a realistic theory with QFT interactions, 
this would mean that |0, K > is a highly unstable state from the standpoint of a 
Schwarzschild observer. Let us define the i?-region number operators in the usual 
manner, 



N+(k) = b${ky b*{k) , N?(k) = b^{ky 6*(fc) 



Ri 



(27) 



3 This is the complex version of the corresponding equations in the real scalar case [46] [47]: 
\0,K> 



e J2 k [- Incosh0 w +7tanh0 w b L {k)^b R {k)^] |Q 5 > 



00 



\nkL > \rikR > 



These are effective equalities: the full equalities contain an additional factor 

e -if[b L (-k^b L (k)+b R (-k)H R (k)] 



(23) 



(24) 



that does not affect the expectation values of the number operators. 



and compute < Q,K\N*(k)\0,K >: 



< 0,K\N*\0,K> 
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3 Scattering around a black hole: a QFT account 

In this section, we ponder how to integrate the QM ingredients 4 of the previous section 
into the quantum field theory setup. We first focus on the free complex scalar theory 
in two dimensions, and briefly discuss how things should be in higher dimensions. 

In the conventional approaches, a black hole is treated as a classical background 
while the matter field (such as a scalar) is quantized. One includes various matter 
fields for an extended analysis along this line. Inclusion of various fields, however, does 
not automatically establish that the real black hole emits quanta of those fields. For 
that, one must make sure that the fields are the intrinsic degrees of freedom of the 
black hole. 

We have proposed a new paradigm for black hole physics in our recent work [43] : the 
DBI action that results from carrying out ADM decomposition followed by Hamilton- 
Jacobi procedure [42] in the supergravity action that is obtained by expanding around 
a black hole solution. One of the nice features of this approach is that the entire 
procedure can be carried out in a pure Einstein gravity (as opposed to, e.g., a higher 
dimensional supergravity). As mentioned above, a scalar field is considered in the 
black hole background in the conventional approach, and this makes the scalar field 
extrinsic to the BH unless one fully quantizes the coupled system. Using a field that 
is intrinsic degrees of the black hole would be far more ideal, given the lack of gravity 
quantization. This is precisely what distinguishes the ADM reduction approach from 

4 See, e.g., [48,49] for works that employed the QM setup. 
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the existing approaches. 

In principle, we should start with the ADM approach, and use the precise form of 
the theory on a hypersurface [43]. Instead we consider a 2D complex scalar theory 
in this work, and therefore the vintage point of the ADM reduction is limited to the 
conceptual aspect for now. 

We focus on an eternal (i.e., preexisting) BH rather than a gravitational collapse, 
and consider scattering particles against a black hole target. We compute several 
quantities below to analyze flux loss and information release. One such quantity is 
an expectation value of flux or the U(l) symmetry current j^. The flux loss should 
indicate an increase in BH mass. The scattering amplitudes exhibit information on 
the incoming particles. The subsequent decay of the BH would be thermal but would 
not lead to loss of information. Only part of the particle flux (but nothing else) is 
temporarily lost. 

As in the QM case, we examine the cross section to determine flux loss. As stated 
before, the cross section in a curved spacetime should in general be viewed as a position- 
dependent quantity. The main motivation for considering the current is to define "the 
finite distance cross section" as against the asymptotic cross section. We introduce this 
cross section in the next subsection. For the flux-preserving cases, the finite-distance 
cross section and the usual asymptotic cross section are the same. For the flux-losing 
cases, however, the former is a decreasing function of distance with the minimum value 
taken by the asymptotic cross section. 

3.1 computation of amplitudes 

We have reviewed how the current is related to the differential cross section in the QM 
formulation in section 2. The quantum field theoretic cross section is naturally defined 
when there are two incoming particles [51] [52]. The QFT amplitudes that we consider 
describe amplitudes of a one-particle state scattered around the potential generated 
by the BH. The differential cross section can still be defined in analogy with the QM 
formulation. The U(l) symmetry current associated with the action (6) is given by 

j^x) = i [d^*{x) <f>(x) - <j>*{x) d^{x)\ (29) 
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where x represents the 2D tortoise coordinates, 

x M = (t,f) (30) 
Upon substituting the mode expansion, the current (29) takes, for x G R region, 



M x ) = ^3»m'( x ) 



(31) 



q.q' 



where 



3li,qq'\ X ) 



2i 



(32) 



b R {q)%{q')u R d,uf + b R {q)b R {q^u R rd,u R 

+b R + {q)% R {q^ufd,u R * + b R (q)b R (q')u R d,uf 

Let us compute < 0, .ff |j M (x)|0, K >. The current is only sensitive to the net number 
of the particles or antiparticles. Since the particles and anti-particles are populated 
in the same manners in \0,K >, it is expected that the result of the computation 
will vanish. (However, one can separate out the particle contribution from that of the 
anti-particles as we will discuss below.) The third term and the fourth term in (32) 
are analogous to the QM discussion terms in the second to fourth lines in (3). The 
terms would vanish due to Riemann-Lesbegue lemma when integrated over the angles 
in higher dimensions and therefore will not be considered. 

The first term can easily be computed as a minor variation of (28): 

<0,K\bX(q)<b«(q')\0,K> 



n 



cosh< 



uy n p ,=0 



n pL >\ n pR> 



ui D n v =0 



n 



cosh< 



< n P > L \ < n t>n\n Yi ' 

ui p / n p /=0 



s 



V2)l 



^(?-9x fl (?)inE 
i 



\ n pL > \ n pR > 



u» n D =0 



(33) 



Let us rewrite the second term in (32) as 

< 0,K\b R (q)b R (q'y\0,K> 
= < 0,K\5 (2) {q-q')\0,K > + < 0, K\b R ( q yb R (q)\0, K > 



(34) 
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The delta-function (or Kronecker delta) term may be dropped by normal ordering in 
analogy with the flat case: 

< 0, K\ : b R _{q)b R M) ] : \0,K>= ^ (q - q>) _ { (35) 

This result, combined with (33), establishes < 0, K\jfj,(x)\0, K >= as anticipated. It 
is useful for our purpose, however, to separate out the particle contribution from the 
anti-particle contribution. One may also pick out a given mode k; this amounts to 
introducing a field </>+(k), 

Mx)=b L + (k)u L k (x) + b R (k)u R (x) (36) 

and its current for x G R, 

it* ^ = i \- d ^*+,k 0+* ~ (P*+,k d^+,k] (37) 
The amplitude for this current is given by 

<0,K\j+ k (x)\0,K> = i <0,K\[d^* + , k ^+, k -^ + , k d^ + , k ]\0,K> 

= 2iu R {x)d fl u R *(x) < 0,K\b R (kYb R (k)\0,K > 

= 2iu R (x)dX*^) e2nM t k _ 1 (38) 

and this represents the particle contribution. (We will come back to a related point to- 
wards the end of this subsection.) The factor e a 7rA j"L fc „ 1 represents the effect of the finite 
temperature background. Now one may examine the total flux that passes through a 
surface of a given radius by multiplying the surface element and integrating over the 
angle. It will be just the metric factor in the case of 2D without the surface integration 
since the "surface element" is a point. 

The expression (33) represents the amplitude measured in the tortoise-null coordi- 
nates. One can convert (38) into the corresponding expression in the Schwarzschild 
coordinates, x'^ = (t,r) 

dx u 

<0,K\j+ k (x')\0,K> = —<0,K\j+ k (x)\0,K> 

= 2iu R (x)d r ,u R *( X ) e2nM l k _ 1 



2M 



(39) 
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where we have used |^ ~ 1 + in the second equality. Multiplying the zero- 
dimensional surface element dA ~ 1 + — in the Schwarzschild coordinates, one gets 

4M1 , s 

(40) 



<0,K\ j+' k (x')\0, K >dA = 2k 



^2-kMuj^ ^ 

The leading piece is analogous to the ji term of the QM discussion, and should be 
associated with the incoming flux. The subleading term is associated with the outgoing 
flux, and thus it should play a role analogous to the j2 current in the QM discussion 
in sec 2. 5 A two-dimensional observer will be able to deduce the incoming wave by 
measuring the scattered wave. The only thing that is lost temporarily is the amount 
of the flux. The observer will also have to measure Hawking radiation in order to 
correctly recover the information on the incoming flux. 

An interesting aspect of the flux is revealed by checking a potential anomaly in the 
continuity equation: 

V M < 0,K\f(b)\0,K>= -^-d^y/g < 0,K\f(b)\0,K >) (41) 

This vanishes in the tortoise-null coordinates, whereas in the Schwarzschild coordinates 
it leads to an expression that contains o(\j. This may have a deeper meaning with 
regards to how the Kruskal coordinates deal with a singularity. 

Now let us consider the following scattering amplitude in analogy with the flat case, 

< 0,K\b*(h>)b*(k)%K>= &*>{k - k') e2nM „ k _ 1 (42) 

The advantage of considering this amplitude, compared with (40), is that the pres- 
ence of the S (2) (k — k') factor clearly shows the unitary nature of the scattering. The 
disadvantage is that the transformation rule from the tortoise-null coordinates to the 
Schwarzschild coordinates is obscured unlike the case of the current discussed in (39). 



We have noted below (35) that the expectation value of the full current (29) over 

the state \0,K > vanishes since the particles and anti-particles are populated in the 

5 In the QM case, one can simply avoid the forward direction when measuring the scattered wave. 
In the higher dimensional analogue of the present case, one can place the detector at locations farther 
away than the source of the spherical incoming wave. One can adjust the width of the incoming beam 
of the plane-wave in the QM case. By the same token, it should be possible to adjust the incoming 
spherical wave to exist within a certain radius in the higher-dimensional analogue of the current case. 
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same manners in \0,K >. In this regard, it is useful to consider, e.g., the expectation 
value of 

j^k{x) = i[dy,<t>* k {x) <t> k {x) - (f)* k (x) d^kix)} (43) 

MX) = bK(k) U K(x)+b R (ky U K* (44) 

over a one-particle state such as b^(k)^\Q,K >: 

< 0,K\b*(k)j^ k (x)bK(ky\0,K > (45) 
One gets a non- vanishing result that can easily be checked. 

3.2 Generalization to higher dimensional cases 

The discussion in the previous subsection can straightforwardly be generalized to 3D 
or 4D. Let us consider the 4D case to be specific. The Schwarzschild metric is 

2M^ , / 2Mn-i , , M 



= )d?+(l-—) dr 2 + r 2 dn 2 (46) 

Setting the solution of the Klein-Gordon equation to 

-f(r,t)Y lm (n) (47) 
r 

the asymptotic form of <fi turns out to be (see, e.g., [4]) 

^Y lm e- iwu , hr lm e- ivn (48) 

where r is viewed as r = r(r*), and can be expressed in terms of the tortoise-null 
coordinates (w,t>). 6 The mode expansion of in the tortoise-null coordinates is 

= \^+,ulrn U ulm + ^^,ujlm U ulm + ^+,ujlm U ulm + ^~,ulm U ulm (49) 

uilm 

where we have defined 

\ i 

U u)lm = ~^™ e ' U Lulm = ~Yl m e (50) 



6 4D extension of the observation around (41) is not entirely straightforward due to the fact that 
4D analogues of (13) and (14) are unknown. For the leading r-behavior, the angular derivatives do 
not contribute; disregarding the angular part, the 4D case reduces to the 2D case. 
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Let us consider the following current for x G R 
with 

The expectation of the current goes 

< 0,K\j+^{x)%K >~ ^|Y5 m | 2 (53) 

The current j^ u i m (x') in the Schwarzchild coordinates, x' M = (i, r, f2), can be computed 
in the same manner as before: 

dx v 

< 0, K\j^ lm (x')\0, K >=< 0, K\ w ]^ lm M\0, K > 

* (l+ 2J f) < 0,*l*W*)|0,* >- (l + ^)^K| 2 (54) 

The scattered wave should be represented by the subleading term; multiplying the 
surface element of dimension two, dAi ~ r 2 dQ 2 , one gets 

< Q,K\j+ M Jx)\0,K> dA 2 ~~ 2u\Y lm \ 2 + ^L\Y lm \ 2 dQ 2 (55) 

The second term represents the flux loss for the 4D case. 

3.3 Speculation on information escape 

The results of the previous subsection indicate that there is a temporary flux loss in 
the outcoming wave. The rest of the information would be released, and the flux loss 
would be compensated by subsequent thermal Hawking radiation. 

The BH will undergo the thermalization process between the moment it absorbs 
the incoming wave and the moment it begins emitting Hawking radiation. The setup 
that we have adopted is inadequate for analyzing what happens to the BH itself. The 
precise understanding of the thermalization process will require the exact form of the 
interacting theory although estimations of certain quantities - such as the time that 
the BH takes to release the information - should be possible through simple models 
(see the discussion in [50] for example). 

11 



If we were quantitatively dealing with an interacting QFT (that results, e.g., from the 
ADM reduction procedure), analyzing a bound- or composite- state scattering around 
a BH would be a good direction to pursue next. For a qualitative (and speculative) 
discussion, one can consider a much more complex system such as a chair thrown into a 
BH to bring various issues home. Eventually the BH would grow in mass after the chair 
entered. In the full quantum theory of a BH, the flux/matter absorption would cause 
the BH to make a transition to an excited state with higher energy. Then it would go 
through a certain intermediate process, before it becomes a larger BH. One of the key 
questions seems to be whether or not the original BH remains "black" throughout the 
thermalization process. In the remainder of this subsection, we speculate 7 on what we 
believe should happen during the thermalization process, and how that would lead to 
the escape of the information that enters the BH. 

The chair - which we assume to be made out of massless particles of the theory- 
would be completely disintegrated at some point along the trajectory inside the BH. 
The constituent particles would travel with the speed of light. Presumably the region 
around the disintegrating chair would not be entirely black. Even without a chair 
thrown into the BH, quantum effects on the geometry must make the boundary of 
the BH (i.e., event horizon) smear and fluctuate. The presence of the disintegrating 
chair should make smearing/fluctuating more drastic to the extent that, at the very 
least, the portion of the event horizon through which the chair crossed may leak the 
particles/information. Quantum mechanical tunneling effects should be important for 
the escape. 8 It is natural to believe that the new black region propagates with a finite 
speed, possibly from the center. The propagation of this "blackening" should be slower 
than speed of light. Perhaps the thermalization process may largely be a process in 
which the original BK pushes the excess of information towards the outside to become 

7 Our main proposal - which concerns scattering of elementary states - has already been stated in 
previous sections, and does not sensitively depend on the validity of these speculations. The validity 
of the speculations in turn will crucially depend on whether the BH will remain "black" throughout. 
Since the BH will allow tunneling [15] [16], it is unlikely for the BH to remain black throughout the 
scattering process. 

8 One can consider a relatively simple bound state instead of a chair, and similar effects are expected. 
Discussion of such a system will be more directly motivated by the main analysis of the previous 
sections. We have chosen a macroscopic system to make the quantum effects more drastic. 
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a larger BH afterwards. The propagation of blackening would occur towards and after 
completion of the scrambling of information. Existence of such blackening process 
remains to be seen in the future research. 

4 Conclusion 

In this work, we have employed a 2D free complex scalar theory in the background 
of the 2D analogue of a Schwarzschild black hole. We have integrated the quantum 
mechanical formulation of potential scattering into the quantum field theoretic setup. 
The connection between the two formulations has been leveraged by the current. We 
have noted the need for introducing a distance-dependent cross section whose limiting 
form should be an analogue of the asymptotic cross section of a flat-space theory. 

Our results show that flux loss occurs, and the cross section is a decreasing function 
of the "radial distance" r. We have interpreted this as a mass growth mechanism of 
the BH. The scattering process should be unitary as a whole, and the scattered wave 
exhibits the characteristics of the incoming wave. The flux loss should be temporary, 
and would be compensated by subsequent Hawking radiation. We have also speculated 
on an information-escape mechanism. In particular, we believe that there should be a 
thermalization process that involves propagation of "blackening" , and the information 
should be able to escape while the blackening is in progress. The quantum mechanical 
tunneling effect may be important for the escape. The BH would resume thermal 
Hawking radiation as it completes thermalization. 9 

A full interacting quantum theory of gravity would be required to understand, e,.g, 

the microscopic process of BH thermalization. A bound-state or a composite operator 

would be a good object to analyze in the extension of the current setup. Many new 

effects would need to be considered once QFT interactions/non-perturbative effects are 

taken into account. The presence of interactions would lead to production of particles 

as the original incoming particle accelerates towards the event horizon and singularity. 

The jets so produced may reveal information about the incoming particles. 

9 Conventionally absence of bleaching of information is assumed at the event horizon [53]. The 
jets and the escaped particles that we have discussed in the previous subsection should correspond to 
presence of bleaching mechanisms. 
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There are several future directions. A direction relatively easy to pursue would be 
adding a QFT interaction such as <p A to the 2D model that we have considered in 
this work. With an interaction present, loop-effects will be important. It is expected 
that jets will be produced in the vicinity of the event horizon, and information on the 
incoming would be revealed in much more drastic way. Extension to a 4D case would 
be far more complicated once a QFT interaction is considered. Unlike the 2D case, the 
solution to the quadratic partial differential equation is not known, and this would be 
one of the main sources for the complication. We will report on some of these issues 
in the near future. 
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